Einstein's vierbein formulation of general relativity based on the notion of distant parallelism (teleparallelism) naturally introduces a covariant surface term in addition to the Einstein-Hilbert action. We investigate the action principle in teleparallelism with the existence of spacetime boundaries and find that the covariant surface term exactly eliminates all the unwanted surface terms reside in the metric formulation of general relativity, as the role of a Gibbons-Hawking-York (GHY) term. The identity of such a covariant GHY term is further confirmed by the recovery of the correct black hole entropy from the free energy due to the spacetime boundary. These results indicate that the vierbein formulation of gravity generally exhibits a well-posed action principle and readily admits the path integral approach to quantization.
I. INTRODUCTION
The Einstein-Hilbert action appears to be insufficient to reproduce the field equations of general relativity (GR) when boundaries of the spacetime play a fundamental role in the variation with respect to the dynamical variable of gravity. To remedy the action principle of GR, one shall include surface terms contributed by the extrinsic curvature of the boundaries embedded in spacetime [1, 2] , provided that dynamical degrees of freedom are fixed on the boudary surfaces. These surface terms in addition to the Einstein-Hilbert action are not covariant but they are essential for the path-integral approach to quantum gravity [1, 3] , since the final result must be independent of any intermediate hypersurface along the path of integration.
However, as additional surface terms must be supplied in the action principle with spacetime boundaries, one may wonder if there exsits a unified Lagrangian that always results in the correct field equations of GR, or, if more importantly, an appropriate action constructed by a covariant formulation. In this work, we show that both requirements are indeed realized in Einstein's alternative description of GR when adopting the notion of distant parallelism [4, 5] .
The concept of distant parallelism (or teleparallelism) is proposed by Einstein for a unified theory of gravitation and electromagnetic fields [4] . To have a clear notion of parallelism for two vectors separated by a finite distance, which seems to be insufficient in GR, one naturally postulates the existence of the vierbein field e µ A at every (four-dimensional) spacetime point and imposes the rule of absolute parallel transport as ∇ µ e ν A = 0, where capital Latin indices stand for components in a local tangent frame. This special parallel transport is realized by the so-called Weitzenböck connection [6] 
whose corresponding Riemannian tensor vanishes identically [4, 7] . One can construct a covariant theory in teleparallelism based on the torsion tensor T 1, 1, 1) . However, among all the possible combinations of the quadratic torsion tensors only one certain class of choices is found to result in symmetric field equations, which was firstly developed by Einstein [8] (see also [9] [10] [11] ). We denote this class of theory by the action
where e ≡ det[e A µ ] = √ −g and T is the unique torsion scalar defined as (27) . To the purpose of the current study, it is more convenient to reformulate the torsion scalar as
whereR is the Ricci scalar and∇ µ is defined as the covariant derivative with respect to the Levi-Civita connection used in GR [12] . From the formulation (2) we easily recognize that in the action of the teleparallel theory (1) the only difference to the Einstein-Hilbert action
is given by a surface term. Thus the variation of the action (1) with respect to the vierbein field solely leads to equivalent field equations as those obtained from the action principle of GR, provided that one can ignore any contribution from the spacetime boundaries.
In this work, we investigate the contribution of surface terms in the action principle of the teleparallel theory (1) , assuming that the spacetime has a boundary. We first prove that the surface term purely due to torsion in (2) exactly eliminates all the other surface terms reside inR once the metric on the boundary is fixed. Such a result coincides with the purpose of introducing a surface term by Gibbons and Hawking [1] to remove the second derivatives in the Einstein-Hilbert action, as York [2, 13] found that the non-vanished surface term in GR modifies the dynamics of gravitation.
We then study the entropy contributed by the covariant surface term in a spacetime with an event horizon. To draw a comparison to the result given by the path integral approach [1, 3] , we rotate the time axes into complex directions (Wick rotations) to obtain the Euclidean torsion scalar, following the spacetime decomposition for the teleparallel theory developed in [12, 14] . We apply the regularization used in [19] to obtain a finite energy from the spacetime boundary and confirm that the covariant surface term contributes a correct amount of black hole entropy, as a consistent finding with [1, 3] .
One can read this paper from two equivalent perspectives. The first one is to stay in Riemannian geometry whereR is the curvature scalar of the spacetime. In this case
) is a tensor defined by the vierbein field but has no further geometrical meaning. This is the original approach considered by Einstein [8] . The second perspective is to stay in Weitzenböck geometry where ∆ λ µν defines the spacetime connection and the curvature of the spacetime is always zero. In this caseR is a scalar defined by the metric but has no further geometrical meaning. This is the approach where teleparallelism becomes a pure theory for gravitation [7, [9] [10] [11] [12] .
II. THE GIBBONS-HAWKING-YORK TERM
We shall consider a non-null spacetime boundary ∂M : f (x µ ) = constant, which introduces a family of unit normal n µ ≡ ∂ µ f / ǫg αβ ∂ α f ∂ β f . The non-null condition for the boundary reads n µ n µ = ǫ = ±1 where ǫ = +1 and ǫ = −1 correspond to a timelike and spacelike hypersurface respectively.
The action principle for GR is well-known:
where h is the absolute value of det[h µν ] and
is the induced metric on the boundary surface. If the metric on the boundary is fixed such that δg µν | ∂M = 0, then one can eliminate the contribution from the second term on the right-hand-side of (4) by imposing the Gibbons-Hawking-York (GHY) term [1, 2] 
whereK ≡∇ µ n µ is the trace of the extrinsic curvature of the boundary defined in Riemannian spacetime. (Note that the extrinsic curvature K µν = ∇ µ n ν is not symmetric when the spacetime contains torsion.)
According to the boundary condition δg µν = 0, we have h αβ ∂ α δg µβ = 0 where the variation of S GHY only survives in the normal direction to the surface. Therefore one can derive
On the other hand, we can replace g αβ in the surface term of (4) by the induced metric according to (5) , which gives
As a result, with the existence of the GHY term a proper field equation can be derived from the action principle in a spacetime with a boundary.
III. THE ACTION PRINCIPLE IN TELEPARALLEL THEORY
We now prove that the GHY term is naturally embedded in the theory (1) . The first step is to rewrite the well-known results of GR in terms of the vierbein field. Since δg µν = η AB (δe 
Note that only ten components in e A µ are fixed by this boundary condition, while the rest six components are attributed to an arbitrary local Lorentz transfromation in the tangent frame.
On the other hand, the induced metric (5) is given by h µν = (η AB − ǫn A n B )e 
Given that the vierbein field is fixed on the boundary, the derivative tangent to the surface must vanish, that is h µ A ∂ µ δe B ν = 0. Therefore we may rewrite (4) as
Let us now check the contribution from the torsion induced surface term in (2), which reads
As
We can combine the results from (11) and (13) to obtain the variation of the teleparallel theory as
where the surface term due to the Ricci scalarR is exactly cancelled out by the torsion induced surface term. This result is the identical to what happened in GR when a surface term of (6) is added into the action (3).
IV. SPACETIME FREE ENERGY FROM THE COVARIANT BOUNDARY TERM
We have shown that the torsion induced surface term (12) acts as a GHY term in the action principle. The necessity of a GHY term is firstly supported by its contribution to the "thermodynamic potential" (or namely the free energy) of the homotopically disconnected metrics where the spacetime has event horizons (such as the Schwarzschild solution for black holes) [1, 3] . Here we examine the free energy contributed by the covariant surface term in the theory (1) , that is
We apply the Wick rotation to both the time coordinate in spacetime and in the local tangent frame to obtain the Euclidean metricg µν =η ABẽ It is convenient to start with the general form [12, 14] 
which gives rise to the Euclidean metric in terms of the Arnowitt-Deser-Misner (ADM) formalism [15, 16] :
where
is the induced metric on the spacelike 3-surface, and h a i is namely the induced vierbein (or the dreibein field) [12, 17] . Heret = it is the Euclidean time andÑ i = −iN i where N i is the shift vector without Wick rotation. The Euclidean torsion scalar in this spacetime decomposition reads [12] 
whereK ij = −iK ij is the (Euclidean) extrinsic curvature defined in GR,D i is the 3-covariant derivative with respect to the 3-Levi-Civita connection, and
can be recognized as the 3-torsion in view of the Weitzenböck geometry (which is unchanged under Wick rotation).
We now consider a spherically symmetric, stationary, and asymptotically flat Euclidean spacetime M, where the vierbein field and metric of M take the forms
respectively. In this case N = f (r),Ñ a =Ñ i h a i = 0, and the induced metric on the spacelike hypersurface Σ τ fixed at a Euclidean timet = τ can be derived as h µν = g µν − t µ t ν = diag(0, 1/f, r 2 , r 2 sin 2 θ), where t µ = diag( √ f , 0, 0, 0) is the unit normal vector of Σ τ . The dreibein field is h a i = diag(0, 1/ √ f , r, r sin θ). We shall impose a horizon at r = r H , such that f (r H ) = 0, where the horizon merges to a conical singularity of the Euclidean spacetime as seen by Fig. 1 .
The asymptotically flat Euclidean manifold M with a horizon at r = rH and a cut-off boundary Sr 0 is imposed at r = r0.
Let us introduce a boundary surface S r0 at r = r 0 where the normal vector of S r0 is given by
One can regard the time parameter τ as an angular variable with the periodicity τ = β, where 1/β ≡ |f ′ (r H )|/4π is the definition of the Hawking temperature [18] . The integration (15) reads
where S
sphere with σ ≡ det[σ µν ] and σ µν ≡ h µν − n µ n ν . Note that βN is the length of the circumference of the spacetime M.
For an asymptotically flat spacetime the physical action has to be regularized by a reference background defined by the flat spacetime [19] . To this aim we also introduce a reference term 
where the first term diverges as r 0 → ∞. However, the physical result is obtained from the regularization
where one can check that S (E) c0 → −4πM (2r 0 − 2GM ) as r 0 ≫ 2GM for the integration over the boundary S r0 .
Keeping in mind that the energy of the Schwarzschild metric E = M [3] and that the inversed Hawking temperature β = 8πGM , we can reproduce the correct Bekenstein entropy [20] 
if we recognize the final result (25) as the free energy F of the system. Here A ≡ 4π(2GM ) 2 is the area of the event horizon. Given that the GHY term is responsible to the spacetime free energy in the path integral approach [1, 3] , once agian we confirm that the covariant surface term S c made by the vierbein field plays the role of the GHY term in the teleparallel formulation of GR (1).
V. CONCLUSION
In this work we have revisited the so-called "teleparallel equivalent of general relativity" by further considering the existence of spacetime boundaries. We found that the boundary condition δe A µ = 0 is enough to make sure the action to be stationary, given that the unique Lagrangian formulated by the quadratic torsion tensor [8] 
contains only first derivatives of the vierbein field. One can rewrite the torsion scalar in terms of a Ricci scalarR and a covariant surface term as seen by (2) . This reformulation of T is realized by a decomposition of the Weitzenböck connection ∆ [7] . The surface term in the Einstein-Hilbert action is known to play a fundamental role in the action principle of GR [2] . Therefore, to result in a consistent variation of the teleparallel theory (1) with both the representation (2) and (27) , the covariant surface term S c must exactly cancel the surface term residing inR, as what is done by a GHY term [1, 13] . Combining the results (8) and (14), we have verified that
where, to our best knowledge, this is the first identification of δS c with δS GHY in the action principle, despite the contribution of S c to the gravitational stress-energy has been discussed in some literature [21, 22] . We shall remark that the boundary condition δe A µ = 0 is sufficient to give a well-posed action principle even to theories based on the generalized scalar-tensor formulation of the torsion scalar T (which includes the f (T ) gravity as a special case) [12, [23] [24] [25] . There is no need to impose any counter-boundary terms due to the fact that the Lagrangian of the teleparallel scalar-tensor theory contains only the first derivatives of the vierbein field [26] . On the other hand, to ensure a stationary action for the scalar-tensor theory with respect toR, including the f (R) gravity, one must not only introduce a modified GHY term and impose the boundary condition δg µν = 0, but also fix the additional scalar degree of freedom on the boundary surface [27] .
Finally, we emphasize that the covariant GHY term S c is only realized by treating the vierbein field as the true dynamical degrees of freedom in gravitation, such that one can construct a covariant Lagrangian not only based on the metric but also the specific tensor T λ µν = e λ A (∂ µ e A ν − ∂ ν e A µ ) in the Riemannian spacetime (that has no torsion) [4] . The tensor T λ µν defined by the vierbein field and its first derivative coincides with the torsion tensor in the Weitzenböck spacetime (that has no curvature). We believe that the well-posed action principle in the vierbein formulation of GR shows one significant benefit to postulate the existence of the vierbein field, aside from the importance of the vierbein field in a unified theory of gravitation and electromagnetic field [28, 29] , or in the construction of quantum gravity [30] .
